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Transformation optics has recently provided a new method for the design of devices to
control electromagnetic fields. Based on the analogy between the macroscopic Maxwell’s
equations in complex dielectrics and the free-space Maxwell’s equations in a curved coor-
dinate system, it offers an elegant approach to exploit the full potential of metamaterials,
of which the most exciting examples are invisibility cloaks. In this contribution, we want
to show how the technique can be applied to design cavities with extraordinary proper-
ties. We have been able to demonstrate theoretically deep subwavelength cavities that do
not suffer from fundamental losses.

Metamaterials and Transformation Optics
The fundamental interaction between light and matter enables to generate, manipulate and
detect the properties of light. Traditional optical components already achieve this up to a
very high degree: optical fibre connections that guide optical signals over long distances,
lensing systems for optical imaging, dielectric microcavities to confine electromagnetic
energy, or nonlinear devices that enable frequency manipulations are just a few examples.
This interaction is described by the macroscopic Maxwell’s equations, in combination
with constitutive equations that define the material’s response [1].
The advent of metamaterials [2, 3]—man-made, subwavelength structures whose electro-
magnetic interaction can be designed—opens up a new world of possibilities. Whereas
traditional materials interact with light only through the electric permittivity, metamate-
rials can have an effective permittivity and permeability different from unity at optical
frequencies. Moreover, they offer the possibility to design left-handed materials, which
simultaneously exhibit negative permittivity and negative permeability [4, 5].
Transformation optics, on the other hand, is a theoretical framework for the design of
optical devices based on the analogy between dielectrics and nontrivial geometries. Us-
ing the tools of differential geometry—the language of Einstein’s general relativity—the
free-space Maxwell’s equations can be rewritten in arbitrary coordinates. It can then
be shown that this set corresponds to the macroscopic Maxwell’s equations of electro-
magnetic fields propagating inside an inhomogeneous material on the background of a
right-handed Cartesian coordinate system. Transformation media thus enable to bend the
straight coordinate lines along which the electromagnetic waves propagate into curved
lines [6, 7]. To achieve the exotic permittivities and permeabilities prescribed by the
equivalence theorem of transformation optics [8], these devices must be made with meta-
materials. Transformation optics and metamaterials can thus be combined to create com-
ponents that are unimaginable within the framework of traditional optics. The invisibility
cloak, a device that renders even the strongest scatterers invisible, is perhaps the best
example [6, 7, 8, 9].
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An Invisibility Cloak
An object becomes visible when light is reflected or scattered on it towards the observer.
To make something invisible, one needs to shield it from electromagnetic radiation. Of
course, the cloak itself should also be invisible and may not leave a shadow at its backside.
In conclusion, we need some kind of device that guides the electromagnetic waves around
an object.
Within the framework of transformation media, an invisibility cloak can be designed by
implementing a coordinate transformation that bends the straight Cartesian coordinate
lines around a spherical (or cylindrical) volume as shown in Fig. 1. A light ray (red curve
in Fig. 1) stays fixed to one of these coordinate lines, does not enter the inner region
and leaves the device on the same coordinate line as if it had traversed a vacuum region.
Anything placed inside the inner region is turned invisible for an external observer. The
material parameters can now be calculated from the metric components gi j of the new
coordinate system using the equivalence relation [6, 8]

εi j = µi j =
√

ggi j. (1)

Transformation optics thus offers a very intuitive approach to solve problems far beyond
the realm of traditional optics. It is important to grasp the full potential of this technique.
Since the material’s parameters are directly derived from Maxwell’s equations, these de-
vices can operate beyond the scope of geometrical optics. The approach is intrinsically
frequency-independent and there are no theoretical constraints on the wavelength under
consideration.

xi

Figure 1: Coordinate transformation generating an invisibility cloak. Straight coordinate
lines are transformed into curved lines that are bent around a hole. Anything positioned
inside this hole will be rendered invisible.

A Perfect Cavity
In our work, we apply this same reasoning to the design of a cavity. Instead of bending
the light rays around some predetermined region, we apply a coordinate transformation
that guides the light in closed loops. Let us first consider the two-dimensional case in a
cylindrical coordinate system (ρ,φ,z). The setup is a cylindrical region between an inner
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radius R1 and an outer radius R2. To achieve perfect confinement of the electromagnetic
waves, we propose a coordinate tranformation that is given by

ρ′ =
R1

R1−R2
(ρ−R2), (2)

while the other coordinates (φ, z) remain unaltered. This transformation is shown in
Fig. 2.

x i

Figure 2: Coordinate transformation of a perfect cavity. Straight Cartesian coordinate
lines get folded back on themselves and compose closed curves.

Such a transformation can be understood as a strange kind of cloak that cloaks away
the volume surrounding the device, instead of the volume inside the device. This cavity
smoothly guides the electromagnetic waves such that they never enter the surrounding
space. The frequency-independent approach of transformation optics additionally implies
the possibility to achieve subwavelength confinement of light. This idea is confirmed
when we calculate the dispersion relation of the system: the four boundary equations that
match the electromagnetic field components at both boundaries R1 and R2 are reduced
to a trivial set, without quantisation of the eigenfrequencies. This result applies to the
cylindrical as well as the spherical implementation. A coordinate transformation that
cloaks away the surrounding space indeed implements a perfect cavity. The adjective
“perfect” refers to the parameters defining the cavity’s quality: the quality factor Q is
infinite, since there is no radiation to infinity, and the mode volume V can be arbitrarily
small, since the characteristic dimensions of the cavity can be many orders of magnitude
smaller than the confined wavelength. In Fig. 3, we plot the electric field distribution
inside such a cavity, where the free-space wavelength is fifty times larger than the outer
radius of the device.
The equivalence theorem of transformation optics, Eq. (1), can then be applied to calcu-
late the constitutive parameters that are required to achieve this coordinate transformation
in material’s space. We notice that—both in the spherical and the cylindrical case—the
material components have a negative sign, imposing the use of left-handed materials. One
can derive that any transformation medium that implements a cavity transformation, e.g.,
Eq. (2), will have a region with negative components, which is a direct consequence of
a folded map. A perfect lens is another example of such a map where space is folded,
left-handed response is necessary, and resolution is unbounded [11, 12, 8].
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Figure 3: The electric field distribution inside the cavity, corresponding to a deep sub-
wavelength solution R2/λ0 = 0.02. There is no field radiated outside the cavity. The
angular dependency resembles that of a traditional microcavity.
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