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Recently, the uniform pump-to-Stokes relative intensity noise (RIN) transfer has been
discovered for cascaded Raman fiber lasers [1]. It was found that peaks of the radio-
frequency (RF) spectrum associated with longitudinal mode beating in the pump laser
cavity almost uniformly transfer to the Ist and 2nd Stokes RF-spectra. Here we present a
detailed derivation of the analytical expression that explains this effect. We show that
interaction between the intensity noise fluctuations related to counter-propagating waves
in the Raman cavity is negligible comparing with the interaction of co-propagating
Sfluctuations. This feature results in a simple relation between the fluctuation intensities.

Introduction

Continuous-wave-pumped Raman fiber lasers operating in the spectral range between 1.1
and 1.6 um are of great interest for many applications in telecommunications, medicine,
and other research areas. Although steady-state properties of the Raman lasers have been
extensively considered from their early experimental demonstrations in the 1970’s, only a
limited number of theoretical works has been devoted to the analysis of the dynamical
behavior of the Raman lasers. Recently we proposed a simple dynamical model to
explain the unexpected effect observed on Raman lasers [1].

The effect is the following. A Raman laser, for simplicity a one-stage one, is pumped
with a fiber laser source. The length of the Raman laser cavity L is assumed to be much
longer than the length / of the pump laser cavity: L>>/. The pump laser is multimode.
Therefore, its RF-spectrum S,.(v) presents a continuous chain of peaks associated with
the longitudinal mode beating in the pump laser cavity. These peaks are observed in the
MHz-frequency domain and have a spacing Av,.=c/2ln. The Raman laser is also

multimode. Accordingly its RF-spectrum is expected to present a similar peak chain
associated with the mode beating in the Raman laser cavity, with a spacing Av,. =c/2Ln.

However, instead of that the RF-spectrum of the Raman laser, surprisingly, has a peak
periodicity corresponding to the mode beating in the pump laser cavity, i.e. a spacing of
Av,.. Inside these peaks the spectrum is modulated with a spacing Av,. <<Av,.

determined by the Raman cavity length. Our model completely explains this effect
predicting the following dependence between the pump and Raman laser spectra:

Sp (V) ~ Sy, (v)[a2 +1+2acos(2zv/A vy, )T , a <1 is a model parameter (1)

Since our analysis provoked some objections before its recent publication [1], we present
here a detailed mathematical derivation of the last dependence (1).
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Derivation of Linearized Raman Laser Equations

Our approach is based on the set of Raman propagation equations [2] that are linearized
around the steady-state Raman laser solutions [3]. Similar method has already proved to
be efficient at describing Brillouin noise spectra [4], [5]. In the cavity of the RFL there

are two running Stokes waves: one co-propagating (I *) and one counter-propagating

(I ’) interacting with the pump wave (1 1’) that is also a running wave. Their mutual

dynamics is described by the propagating Raman equations for their intensities:

I"(z,t+z/vy)=1" (O,Z)exp(—aoz—jdz'[gl (z',t+z’/v0)+g1(z',t+z’/v0)]J
0

I (z,t+z/v1)=I*(O,t)exp[—alz+jdz'[gl" (zt+2')y, )]] (2)

0

L
I (zt+(L=z2)/v,) =1 (L,t)exp[—al (L-z)+ [dz[ gl” (" +(L-2) v )]J
Using a stationary approach (i.e. assuming that all intensities are independent on time) we

can find the solution <1’(z,t)>sl(§(z) that essentially determines the time-averaged

intensity distributions along the cavity. For the further consideration these distributions
are given functions. To describe the fluctuations &7'(z,t) Eqs. (2) may be linearized

around the steady-state distributions so that I'(z,r)=1;(z)+5I'(z,t), where |51i|<< I,
i=p,+,—. By definition, <5li(z’t)>5Alril}?wﬁj;éli(z’t)dt=O for any z. The first mean

value theorem for integrals [6] obliges the last integral to be a function with a limited
maximal amplitude &7 and a maximal correlation time z, of the fluctuations so as:

<olr 3)

m-c?

[or(zt)ar
AT

We rewrite Eq.(2) with the substitution /(z,t)=1,(z)+61(z,t), then using the condition

gLS1 <<1 expand exponents (exp(x)~1+x, x<<1), subtract the steady-state solutions

and omit terms ~ (57 )2 . After all simplifications we come to the linearized equations:

oI’ (Z,t+z/v0)=D(z)5Ip (O,t)—g[(f (0)D(Z)”:5[+ (z',t+Z'/v0)+5[7(z',t+z'/v0 )}dz'
SI" (z,t+z/v)=G" (2)617(0,t)+ gl, (0)G” (Z)j‘é‘l” ('t +2')v)dz' 4)
SI (z,t+(L-z)/v)=G (z)I (L,t)+gIO’(L)G’(z)jé'l”(z',t+(L—z')/vl)dz'

z L
where G*(z):exp[—alz+g'|.l(§7 (z')dz'j , G~ (z):exp(—a,(L—z)+g_[l({’ (z’)dz’] and
0 z

D(z)= exp(—aoz —g'fdz’[lg (')+1; (z')]} . Note that D(z)<1 forany z.
0
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Let us now show that at the conditions under consideration / << L the longest correlation
length /, =vz, of the fluctuations associated with the longitude mode beating in the pump

laser cavity is small in comparison with both the laser cavity length L and the effective
length of Raman amplification L, :( gl (0))71 : I, <<L<L, . Indeed, the fluctuations of

the pump laser intensity occur due to beating between the pump laser modes. Thus the
longest correlation length /. is determined by the beat-length between the nearest laser
modes I, ~/<<L. On the other hand, the effective length of Raman amplification L,
near the lasing threshold could be estimated from the lasing condition
RR,exp(2L/L,)~1 to be L, ~NL>>L, where sz[—ln(RlR2)T ~1, R and R, are
the reflectivities of the Raman cavity mirrors. So, we can conclude that the relation
L, >L remains true at pump power levels up to N times above the threshold. The last

means also that G*(z) and G™(z) <4 <2 are limited functions.
As far as [./L<<1 and n=L/L, <1, the terms in Eqs. (4) responsible for interaction

between counterpropagating fluctuations could be omitted. The resulting set is written as:

517 (2,14 2/v,) = D(2) 517 (0.1) - g1f (0)D(2) [ 81 (1 + 2 v, )=

ST (4 2/m) = G* ()81 (0.0) + gl (0)G* (=) [ 817 ('t + 2, ) 5)

ol (z,t+(L—z)/v1)=G" (2)51" (L,t)
In order to prove the last simplification we have to show that the omitted terms are

negligible when a solution of Egs.(5) is substituted to Eqgs.(4). In the general case of
different group velocities (v, #v,), the space and running time variables in Egs.(5) are

mixed. The solutions can be represented as a superposition of the boundary fluctuations
81'(0,¢) convoluted with the corresponding Green functions (like in [10], [11]). Such

convolution obviously implies a non-trivial relation between the pump and Stokes RF-
spectra in the Raman laser. In the limiting case of a low velocity dispersion considered
here (v, ~v,=v), the space and running time variables can be separated. Then the

solutions of eqgs.(5) are simple linear combinations of the boundary fluctuations:
SI” (z,t+z/v)=7,(2)81"(0,t) =y, (z) 1" (0,t)
SI" (z,t+z/v)=y,(2)61" (0,¢)+y,(2)51" (0,1), (6)
SI (z,t+(L-z)/v)=G ()81 (L,t)
where y,(z) are functions of the steady state solutions /;(z) ; note that |7 |< A.
Substitution of Egs. (6) to the omitted terms gives the following expressions for them:
J.G NOI (L,t—L[v+2zZ'[v)dz' = H ™" (z,t)

(7)

G ( ”j [7.(2))817 (01 + Lfv=22Jv) =y, ()81 (0, + L/v—22'/v) |d=' = H" (z,1)

Applymg to all integrals in (7) the second mean value theorem for integrals [6] together
with the rule (3) we can demonstrate that the omitted terms are indeed negligible:
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[H7 (z.1)| < 77% jar (Lot~ Ljv+ 22 o)\ < Ap 251 (L) << 51, (L)
0

2L
(8)

[P (2,1) < Anzl—‘L(M,{j (0)+651; (0)) << 812 (0)+ 61, (0)
Results and discussion
We have proved that the solution (6) of Egs.(5) is also a solution of Eqgs.(4). The structure
of the solution (6) is rather simple: the functions »,(z) and y,(z) describe independent

evolution of the fluctuations in the Raman cavity, while y,(z) and y,(z) are responsible

for interconnect between the fluctuations associated with modulation of the Raman gain.
Fourier transform of Egs. (6) in combination with the boundary conditions leads to the
relation between the pump and Raman RF-spectra as observed in the experiment [1]:

Sp (V)=7i(L)S,, (v)[a2 +1+2acos(2zv/A vy, )]71 , a=y,(L)G (0)RR, <1 (9)
According to (9) the RF-spectrum S, (v) of the Raman laser reproduces the RF-
spectrum of the pump laser. The last occurs to be additionally modulated with a period
Avy. =c/2Ln that is the free spectrum range of the Raman cavity. The parameter a
determines the modulation depth. The effect is directly proportional to ~y; (L).

What is interesting is that the RF-spectra S, (v) of the residual pump radiation emitted

by the Raman laser could also exhibit a modulation with the frequency Av,., but this
effect is much less pronounced than the previous. Fourier transform of Egs.(6) leads to a
noise-like spectrum S, (v) with lower (—) and upper bounds (+ ) determined as:

Spe (V) =5, (v)[;/l (L) pal a* +1+2acos(27v/Av,.)] T : (10)

where u=y, (L) / |2 (L) This result corresponds to the observations [1] at = 0.15.
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