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We calculate the incoherent emission of a periodically structured LED with a highly efficient method based on the reciprocity principle. The method is rigorous, highly parallelizable, and can be run on a desktop PC with any rigorous electromagnetic field solver.
Per radiated angle the method requires only two small scattering problems on a single
unit cell. With this we obtain the radiated intensity of all possible dipoles at once. The
results of the new method are compared to standard LED calculations. Resonances found
in the radiation patterns are linked to guided modes of the corresponding 2D photonic
crystal.

Introduction
In the last decade, a great leap has been made in producing light emitting diodes (LEDs)
that are efficient and bright enough to be widely used. With the onset of high power
LEDs, the issue of improving the efficiency has become more important. One aspect is
the light extraction efficiency. Due to total internal reflection (TIR) only about 4% of the
generated light couples out the top of the LED. In new LED designs, the semiconductorair interface is modulated by for example photonic crystals to scatter out extra light [1].
In rigorous simulations today, the LEDs are usually approximated by simulating the radiation of many incoherent dipoles that are randomly located and oriented within the active
layer of the LED [2, 3]. In practice, a region consisting of a large number of periods
surrounding the emitter is discretized. This implies that the calculation of the emission
by one dipole requires already a lot of computational resources, let alone the emission by
the entire active layer.
In this paper, we demonstrate a method to calculate the radiation of the entire LED in
a single direction for any number of incoherent dipoles at any position in the LED, by
solving only two small quasi-periodic scattering problems on a single cell of the periodic
structure. We exploit the reciprocity principle to break up the calculation of the entire
radiation pattern of a LED into many small computational problems which can be done
on a standard PC. The reciprocity principle is not a new concept, and is already applied in
many fields. In [4] it is suggested that the reciprocity principle can be used to calculate the
radiation of a single dipole in a planar dielectric stack. It has even already been employed
to design a highly directive LED [5].
In the next section, an explanation is given of the reciprocity principle in LED simulations.
Thereafter, we show that the reciprocal method can be used to simulate the radiation and
improve the design of a photonic crystal LED.
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Figure 1: (left) Schematic of a periodic cell of an LED with two dipole sources p1 and p2
and their corresponding field observation points EJ1 and EJ2 as used in Eq. (1). (right)
Schematic of the simulated LED geometry.

Methodology
In classical electrodynamics, a relationship is derived between a time-harmonic electrical
current and its radiated field. The relationship remains unchanged if one interchanges the
position of the current and the position of the observed electric field. This is known as the
Lorentz reciprocity principle, which is given by
ZZZ

EJ1 · J2 d3 r =

ZZZ

EJ2 · J1 d3 r.

(1)

A derivation of this equation can be found in [6]. The theorem is valid for absorbing
and anisotropic media, but in general not for nonlinear and active media. The principle
links together two situations, namely the electric field EJ1 caused by a current J1 and
the electric field EJ2 radiated by the current J2 . Let J1 ≡ −iωp1 δ(r − r1 ) be the timeharmonic current of a dipole with frequency ω > 0 and dipole moment p1 at location r1 ,
and let there similarly be a dipole with moment p2 at position r2 as illustrated in Fig. 1a.
Because of the reciprocity principle, the electric field emitted in a specific direction by a
dipole source can be calculated by calculating the field emitted by a dipole source situated
far above the grating in the direction of the emission angle considered. For a dipole 2 far
away from the interface, its radiation towards the LED is that of a single plane wave with
a polarization determined by dipole moment p2 . The resulting field in the active layer
Enear (r1 ) can be found by solving Maxwell’s equations on a single periodic cell. Two
scattering problems must be solved, since there are two independent linear polarization
states that are perpendicular to p2 . We choose pS2 = Ŝ and pP2 = P̂, with Ŝ and P̂ the
unit vectors corresponding to the S- and P-polarization respectively. The field Erad (r2 )
radiated by dipole 1 in r2 with arbitrary dipole vector p1 is then found from the two
solutions ESnear and EPnear using the reciprocity principle:
ESrad (r2 ) · Ŝ = ESnear (r1 ) · p1 ,

EPrad (r2 ) · P̂ = EPnear (r1 ) · p1 .

(2)

The total radiated field follows then easily as Erad (r2 ) = ESrad (r2 ) + EPrad (r2 ). Because
ESrad (r2 ) and EPrad (r2 ) are contributions of incoherent dipoles, the total radiated intensity
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Figure 2: Radiation patterns from (a) a single dipole using the method without reciprocity
(b) a single dipole using the reciprocal method, and (c) the entire active layer using the
reciprocal method.
in r2 is proportional to
|Erad (r2 )|2 = |ESrad (r2 )|2 + |EPrad (r2 )|2 = |ESnear (r1 ) · p1 |2 + |EPnear (r1 ) · p1 |2 .

(3)

The intensity at r2 due to incoherent dipoles at r1 with random orientation of the dipole
vector p1 is obtained by an integration over the sphere with radius p1 ≡ |p1 |. Finally, the
total intensity at r2 of randomly oriented incoherent dipoles in the entire active layer O is
found by integration over all r1 in the active layer.
p2
Itot (r2 ) = 1
3π

ZZZ
O

|ESnear (r1 )|2 + |EPnear (r1 )|2 d3 r1 .

(4)

In conclusion, we have shown that the intensity radiated by the entire active layer in a
specific direction can be obtained from the fields obtained by solving only two scattering
problems, namely, for two plane waves incident on the periodic structure with S- and
P-polarization.

Results
We will apply the reciprocal calculation scheme to a test-case GaN LED as depicted in
Fig. 1b. It consists of a 500nm thick layer of GaN on a metallic substrate in air. For the
sake of simplicity we assume the metal to be a perfect metal, but this is not a requirement.
The active layer is a thin plane 100nm above the metal substrate. The top of the GaN
layer is corrugated by a 2D photonic crystal of 300nm deep air columns in a triangular
lattice with lattice constant a. We assume dipole radiation at a wavelength of 400nm.
First, the radiation pattern of a single dipole is simulated using the method without
reciprocity discussed in the introduction. A domain consisting of size 64a × 64a with
a = 250nm is discretized and a single dipole source directed along the x-axis excites the
grid. From a Fourier transform of the field just above the GaN layer the radiated far field
for this single dipole and is determined and plotted in Fig. 2a. The simulation used 80GB
of memory and took over 500 hours of computing time (for a single processor).
Plotted in Fig. 2b is the radiation pattern of a single dipole as simulated with the reciprocal method. Each point in the radiation pattern, follows from two small scale rigorous
computations. Because of symmetry we only need to take into account 1/12th of all the
angles. Each simulation took about 10 minutes and used 70MB of memory, so that in total
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Figure 3: Optical band diagram plotting radiated intensities of the LED, the lines are the
modes of the 2D photonic crystal calculated with [7]
40GB and 100 hours were needed. This is still substantial. However, unlike the method
without reciprocity, the data from these simulations also give the combined radiation of
all incoherent dipoles in the entire active layer, see Fig. 2c.
To better understand the sharp resonance lines in the radiation patterns, simulations were
performed for many different lattice constants and at angles corresponding to the edge of
the first Brilliouin zone. In Fig. 3a, the results are plotted in a band diagram. It is clear
that the sharp resonances correspond to some of the guided modes of the 2D photonic
crystal.

Conclusions
We employed the reciprocity principle to simulate LED radiation in a highly parallellizable manner. The main feature of this method compared to other methods is that only two
small-scale simulations are needed to obtain the contributions of all incoherent dipoles in
the active layer at the same time. The outcoupling problem transforms to an incoupling
problem that can be addressed by finding guided modes of the structure.
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