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In coupled lasers the effective coupling depends on the individual inversions in each
constituent laser. Therefore, locking of coupled lasers defines a nonlinear problem that
requires self-consistent treatment. Here we report on a general study of the frequency
locking of two Fabry-Pérot lasers using a self-consistent rate-equation approach.
Application of the theory to the coupled cavity quantum-well semiconductor lasers of
D’Agostino et al. [Optics Letters 40 (2015) 653] yields very good agreement with
measurements.

Introduction

A coupled-cavity laser (CCL) based on anti-resonant imaging in a multi-mode
interference (MMI) coupler has been demonstrated in 2014 as a photonic integrated
circuit [1]. The specially designed MMI anti-phase reflective coupler is based on a 3x3
reflective MMI coupler, described in [1] and provides wavelength-independent coupling
with 180 degree phase difference. In this way, a self-stabilizing coupled device was
realized.

The successful operation of this widely tunable laser for spectroscopy, sensing and other
applications asks for a theoretical investigation into questions as to how and under which
conditions the coupling causes individual laser modes to lock in frequency and phase.
The present rate-equation theory aims at providing adequate answers to these questions
in the context of a model for longitudinally coupled semiconductor lasers with a general
type of linear coupler. The theory is self-consistent in the sense that in the strong-
coupling regime the effective coupling coefficients depend on the respective inversions
in each laser, where the latter in their turn depend on the effective coupling. The self-
consistent solution is obtained by an iteration method. Stable steady-state solutions will
be presented and discussed.
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Fig.1 Schematics of coupled-cavity laser. The coupler is characterized by transmission and reflection
coefficients ¢, and r, respectively. In laser j, E; is the complex electric-field amplitude incident on the
coupler and ; is the reflection coefficient of the mirror opposing the coupler.
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Rate-equation model

The rate equations are derived for a general case of longitudinally coupled semiconductor
lasers, as sketched in Fig.1. Here, the electric fields near the coupler facets are represented
as E; (t)e'@ot (j=1,2), where w, is a conveniently chosen reference frequency close to
the expected operation frequency in the steady-state locked situation and E;(t) is the
slowly varying complex electric field amplitude. Details of the derivation are given in [2].

The rate equations can be expressed as (wjp = w;j — w, and w; is the frequency at
threshold of isolated laser j, i.e. without coupling, ort. = 0)

Ey(t) = iw1oBy (t) +5 (1 + i a)& N By (8) + 1, By (8), (1)
E,(t) = iwyoE, (L) + % (141 az)8 NoE5(E) + K B (8). (2)

Here, k; (j = 1,2) are the (effective) coupling coefficients,
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Egs. (1) and (2) are complemented by the rate equations for the numbers of e.h.-pairs in
the respective active regions
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where AJ; (in units s~ 1) is the injection current w.r.t. the threshold current (i.e. when each

laser is on its own, that is, without any coupling), T is the spontaneous-recombination
lifetime of e.h.-pairs and I[; = %(1 — |ry7.|) is the photon decay rate in isolated laser j.

]
Steady-state analysis

Introducing the photon number P; and phase ¢; in laser j, i.e. E; = \/Fjei"’f and the phase
difference ¢,; = @, — ¢ the following steady-state relations hold:

N .
Py _ 2lalcos(@i+¢z1) . [Pr _ 2Ialcos(Ba=21) . , _ AT ©)
Py $1N4 ' Py $2N; o rj+&;N;’
while the evolution of the phase difference is given by an Adler-type equation
@21 = Wy +VC? + D?sin(@y; +¥) , (7)

with C, D, ¥ functions of N;, P;, 7, t. as given in [1] and w,; = w, — w, the detuning.
The stable solution to (7) is given by

@1 = Asin (%) Y41, (8)

provided the locking condition |w,;| <V C? + D? holds. The ability for locking heavily
depends on the phase ¢, = arg(t./r.) introduced by the coupler, that is, sometimes no
locking occurs for certain value ranges of the coupler phase.
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Table 1: Parameter values for the coupled-cavity laser considered

Symbol Value Name
Q; 251030 Linewidth enhancement parameter
& 1.0 x 103 s71 Linear gain coefficient (at threshold)
T 24x107 s Roundtrip time FP cavity 1
Ty 25x107 s Roundtrip time FP cavity 2
T 1.0 x107%s e-h- lifetime for spontaneous recombination
7 0.5 Reflection coefficient of coupling element
|t 0t00.15 Transmission coefficient of coupling element
Pc arbitrary,but # /2 Coupler phase
7 0.7 Reflection coefficient of exterior mirrors

] enrj (i1,2) 1.125 x 1017 571 Threshold current (~18 mA)

Numerical results

Details of the numerical iteration method are given in [2]. Here we present some results
for coupling strengths t. = —0.12 corresponding to strong coupling. It was generally
found that a situation with coupling phase ¢, = arg(t./r.) mod(m) in a small interval
around /2 is unstable, that is, no locking was obtained. On the other hand, stable locking
with sizeable locking range was generally found for ¢. = 0 or m, except for (very small)
values of |t.| < ~2 x 1073, where due to a Hopf-instability [3] no locking could be
established. It is noted that in this coupling regime entrainment of undamped relaxation
oscillations was reported. The parameters used in the numerical evaluation and their
values are summarized Table 1. In Figs 2 and 3 the pump strength p; of laser j is defined

asp; = % with /.5, ; the threshold injection current of isolated laser j.

Two typical examples of calculated output intensity of laser 1 and the operation frequency
in the locking range are given in Fig.2. The upper curve is the intensity; the lower one the
operation frequency relative to w;. The left case is for symmetric pumping; the right case
for strongly asymmetric coupling. The dependence of the intensity and locking range on «
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Fig.2. Calculated intensity I;(x 1077) and operation-frequency shift w,,;(x 107'°) versus detuning
w41 = w, —w, Within the locking range for a = 2.5. Left: symmetric pumping. Right: strongly
asymmetric pumping.
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Fig.3. Comparison between calculated output intensity 1 versus ps, at fixed p, = {0.67, 1.22, 1.78, 2.33,
2.89, 3.44, 4.0, 4.65}; calculated intensity 11 versus p,, with fixed p1 = {same values} and experimental
curves taken from [1]; optimized detuning assumed in all cases. The shapes of the numerical curves hardly
depend on the precise value of a . The parameter values for the numerical curves, i.e. v, = 0.5,t, = —0.12
and a = 2.5, were taken so as to optimize the qualitative and quantitative proportionality agreement with
the measured curves in [1].

was seen to be very weak; for «>30 numerical instabilities occurred, which are not
believed to correspond to physical instabilities. The operation frequency does strongly
depend on a; since in the locked steady state the respective inversions are lower than
without coupling, a frequency downshift proportional to « is expected.

In Fig.3 two sets of calculated output-intensity curves are shown in the left window to be
compared with the corresponding sets measured in ref.[1]. In fact, the parameter values
used in the calculation were taken so as to obtain best agreement (qualitatively and, in
proportionality, quantitatively) with the experimental curves.

Conclusions

For two longitudinally coupled semiconductor lasers in the strong coupling regime, we
formulated rate equations and analyzed the self-consistent stable steady-state solutions. It
was numerically found that in cases of optimized locking, with the coupling phase equal
to 0 or m, the coupling can enhance the output intensity substantially (typically ~50 %)
with sizeable locking range (typically ~6 GHz), hardly depending on the value of « nor
on the pumping asymmetry. For non-optimized coupling, i.e. when the coupling
phase ¢. = arg(t./r.) is not equal to O or m, but different from 1t /2, stable locking can
still be achieved, but with lower output intensity and narrower locking width. Due to the
coupling, the inversions clamp at lower values than without coupling (as visualized by
the lower operation frequency). Very good agreement between the predicted output-
intensity curves and the curves measured by [1] has been demonstrated.
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